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Abstract — Codes defined on graphs and their properties have 
been subjects of intense recent research. On the practical side, 
constructions for capacity-approaching codes are graphical. On 
the theoretical side, codes on graphs provide several intriguing 
problems in the intersection of coding theory and graph theory. 
In this paper, we study codes defined by planar Tanner graphs. 
We derive an upper bound on minimum distance d of such codes 
as a function of the code rate R for R> 5/8. The bound is given 
by 

7-8R 
2(2R- 1) 



d < 



+ 3 < 7. 



Among the interesting conclusions of this result are the following: 

(1) planar graphs do not support asymptotically good codes, and 

(2) finite-length, high-rate codes on graphs with high minimum 
distance will necessarily be non-planar. 



I. Introduction 

The spectacular success of codes on graphs has resulted in 
immense recent research activity on the practical and theo- 
retical aspects of graphical codes. On the practical side, the 
powerful notion of representing parity constraints on Tanner 
graphs [1|[2| has resulted in tremendous simplifications in 
the construction and implementation of capacity-approaching 
codes for various channels. On the theoretical side, the inter- 
play of graph theory and coding theory has resulted in many 
intriguing problems. 

In this paper, we are concerned with codes that are defined 
by planar Tanner graphs. Specifically, we study the minimum 
distance of codes that have a planar Tanner graph. Planarity 
of a graph, a classic notion in graph theory, allows for the 
embedding or rendering of a graph as a picture on a two- 
dimensional plane with no two edges intersecting. Specific 
examples of such graphs are trees and graphs with non- 
overlapping cycles. Interestingly, both these types of graphs 
have been shown to correspond to codes with poor minimum 
distance properties OH. In this paper, we show similar 
properties for high-rate codes that have planar Tanner graphs. 

Specifically, the main result of this paper is that a code 
of rate R > 5/8 with a planar Tanner graph has minimum 
distance bounded as 



d < 



7-8R 
2(2R- 1) 



3 < 7, 



where \x] (for a real number x) is the smallest integer 
greater than or equal to x. Note that the result holds for any 
blocklength. Hence, non-planarity is vital for large minimum 
distance at high rates. This result provides justification for 
many known results on codes on highly non-planar graphs 



with large minimum distance Q, and suggests methods for 
other possible constructions. 

The method of proof is novel and involves several steps. 
A given planar Tanner graph is modified through a series of 
construction steps to a planar Tanner graph with maximum bit 
node degree 3. For the modified graph, the existence of low- 
weight codewords is shown by an averaging argument. The 
existence is then extended to the original Tanner graph. 

The rest of the paper is organized as follows. The construc- 
tion of the modified Tanner graph is presented in Section III] 
A simple version of the main result is proved in Section hn] 
for the sake of clarity in exposition. A complete proof of the 
bound on minimum distance for codes on planar graphs is 



given in Section IV Finally, concluding remarks are made in 
Section |V] 



II. Constructions 

Consider a Tanner graph G defining a linear code. The 
vertex set of G is denoted V(G) = V b UV c , where V b and V c 
denote the set of bit and check nodes of the G. We will assume 
that the rate of the code defined by G is R = I - \V c \/\V b \. 
Let V b denotes the set of degree-i bit nodes. The edge set of 
G is denoted E(G) C V b x V c , and an edge of G connecting 
bit node Vf, to check node v c is denoted (vb, v c ). 

For a set of bit nodes Vf C V b , N(V b ) denotes the set 



of check nodes connected to V b i.e. M(V b ) 



U 



{v c ■ 



(vb,v c ) £ E(G)}. The degree of a bit node Vb is lA/^Ub) |. 
For Vf C V c , the set of induced bit nodes I(Vf) denotes 
the bit nodes whose neighbors are subsets of Vf i.e. T(Vf) = 
{vb ■ Af(vb) C Vf}. The following proposition (stated without 
proof) connects subsets of check nodes and their induced bit 
nodes to the minimum distance of the code. 

Proposition 1: Consider Vf C V c in a Tanner graph G 
defining a code with minimum distance d. If T(Vf) > Vf, 
then d < \Vf\ + 1. 

Following Proposition [T] a subset of check nodes Vf is said 
to be codeword-supporting whenever T(Vf) > Vf. 

In this paper, we provide bounds for the minimum distance 
of Tanner graphs that are planar i.e. Tanner graphs that can be 
embedded in a plane with no two edges intersecting |6|. All 
Tanner graphs in the rest of the paper will be planar with a 
fixed embedding. For planar Tanner graphs, we use Proposition 
[T]for bounding minimum distance by showing the existence of 
suitable codeword-supporting subsets of check nodes. For this 
purpose, we define a new planar graph involving the check 
nodes of the given planar Tanner graph. 
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A. Check graph of a planar Tanner graph 

Given a planar Tanner graph G, the check graph of G, 
denoted C(G), is a planar graph with vertex set V° (the set of 
check nodes of G). We use an embedding of G in a plane, and 
place the nodes of C(G) in an isomorphic plane at the same 
locations as the check nodes of G in the original plane. To aid 
in the construction, we identify the locations of the bit nodes 
of G in the plane of C(G). The edges of C(G) are constructed 
as follows: 

1) Consider a bit node Vb € V b with degree A > 1 and 
Af(vi,) — {w c ,o, w c ,i, • • • , u c ,A-i} labelled in a clockwise 
sequence in the planar embedding i.e. no edge out of 
Vb lies in /-V c ^VbV c ^ i+ i) x ((x)\ denotes x mod A). Add 
edges (v c< i, u Cl (,+i) A ) for < i < A — 1 to form a simple 
cycle enclosing the location of Vb in the plane of C(G). 

2) In Step 1, edges causing a face enclosed by two edges 
should not be added. 

3) Add more edges to make the graph maximal planar (a 
planar graph is maximal if one more edge will make the 
graph non-planar 0). 

The construction of the check graph is illustrated in Fig. [T] 
In Fig. [T] the nodes of the check graph C(G) are the check 




G C{G) 



Fig. 1. Construction of check graph I. 

nodes of G denoted {1, 2, 3,4}. In Step 1, for bit node 'a' of 
G, we connect the nodes {1,2,4,3} of C(G) in a cycle. Step 
1, for the nodes 'b', 'c' and 'd' of G with degree larger than 
1, results in faces with two edges. Hence, no other edges are 
added to C(G) as per Step 2. In Step 3, the edges (2,3) and 
(1,4) are added to make the check graph maximal planar. Note 
that there are four faces in C(G), labelled fa, fa, fa and fa 
in Fig. [T] The face fa is the exterior or external face. 

In general, maximal planarization in Step 3 is not unique. 
Hence, there can be many check graphs corresponding to a 
single Tanner graph. We fix one such check graph and call it 
the check graph of G. 

The following correspondences between a planar Tanner 
graph G and its check graph C(G) are vital for the minimum 
distance bounds. 

• In Step 1, a degree-3 bit node Vf, of G maps to a triangular 
face in C(G) connecting the three check nodes in Af(vb). 
Hence, we say that a degree-3 bit node is "identified" with 
a face in C(G). In some cases, this can be the external 
face. 

• In Step 1, a degree-2 bit node Vb of G maps to an edge 
in C(G) connecting the two check nodes in AT(vb). We 



say that a degree-2 bit node is "identified" with an edge 
in C(G). 

• A degree- 1 bit node Vb of G does not result in any edges, 
but Vb is represented by the one check node Af(vb) in 
C(G). We say that a degree-1 bit node Vb is "identified" 
with the check node AT(vb). 

• In Step 1, a bit node of degree A > 3 results in a face 
enclosed with A edges. In Step 3, maximum planarization 
converts such a face into A — 2 triangular faces. 

In the example of Fig. [T] the degree-4 bit node of G results 
in two triangular faces fa and / 2 in C(G). The check node 
3 corresponds to the degree-1 bit node, while the edges 
{(1,2), (2,4), (3,4)} correspond to the degree-2 bit nodes. 

Two more examples to illustrate the construction of the 
check graph are shown in Fig. [2] For the graph G in Fig. 




Fig. 2. Construction of check graph II. 

[2] we get a triangle around the location of bit node 'a' in Step 
1. For bit node 'b', the dotted lines show the possible edges 
in Step 1. However, no new edges are added as they result in 
faces enclosed by two edges. Notice that the circular dotted 
line would have resulted in the external face being "enclosed" 
by two edges. In G, the internal triangular face fa corresponds 
to the degree-3 bit node 'a', while the external triangular face 
fa corresponds to 'b'. 

For the graph H in Fig. [2] two triangles are added around the 
bit nodes 'a' and 'c' in Step 1. Note that the edge from check 
node 3 to check node 2 for bit node 'b' needs to be drawn 
in a circular fashion to enclose the location corresponding to 
'b'. 

Since C(G) is maximal planar, by standard results in graph 
theory J6), we know that there are 2\V C \ — 4 faces in C(G) 
and all faces are triangular (enclosed by three edges). Also, 
since faces in C(G) result from bit nodes of degree at least 3, 
we see that the maximum number of bit nodes of degree 3 in 
a planar Tanner graph is limited to 2\V C \ — 4. 
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The faces of C(G) are denoted F(C(G)). A face / e 
F(C(G)) is enclosed by three edges connecting three check 
nodes of G. The three check nodes of G that form / 
are denoted V c (f). In the example of Fig. [T] we have 

V c (h) = {1,2,3}, V c (f 2 ) = {2,3,4}, V c (f 3 ) = {1,3,4}, 
and V c (f 4 ) = {1,2,4}. 

B. Prelude 

To illustrate the usefulness of the check graph, we now 
present a bound on minimum distance of rate > 7/8 codes 
with a planar Tanner graph whose maximum bit node degree 
is 3. 

Proposition 2: Let G be a planar Tanner graph with n bit 
nodes and m check nodes defining a code with rate R = 
1 — m/n > 7/8 and minimum distance d. Let the maximum 
degree of a bit node in G be 3. Then, d < 3. 

Proof: Let fi, 1 < i < 2m — 4, be the faces of the check 
graph C(G). Let Wi = \I(V c (fi))\ be the number of bit nodes 
induced by the set of check nodes V c (fi) forming the face fi. 
Let fk be the face such that w k > Wi, 1 < i < 2m — 4. 

Since each bit node of G has degree at most 3, it is induced 
at least once by some face fi in C(G). So, we have 

Wi + W 2 + h »2m-4 > n. 

Since w k > Wi and n > 8m, we simplify as follows. 

u>k{2m — 4) > n, 
n n 

w k > 



2m 



> > 4. 

4 2to 



Hence, w k = \l(V c (f k ))\ > 5 and \V c (f k )\ = 3. Thus, there 
exists a (> 5,3) subcode of the original code. This implies 
that d < 3. ■ 

The above proof uses the faces of C(G) to construct 
codeword-supporting set of check nodes in the original Tanner 
graph G. An averaging argument is used to show the existence 
of the codeword-supporting set. These themes will be used and 
extended in the remainder of this paper to prove more bounds 
on the minimum distance of codes with a planar Tanner graph. 

Another crucial assumption in Proposition [2] is on the 
maximum bit node degree. This assumption will be relaxed 
through another construction called the check inverse. 

C. Check inverse of a planar Tanner graph 

The same check graph can result from several planar Tanner 
graphs. Fig. [3] illustrates one such example where two Tanner 
graphs G and H result in the same check graph C(G). 




Given a check graph C(G) of a planar Tanner graph G, we 
can construct a special planar Tanner graph G' with maximum 
bit node degree 3 such that C(G') — C(G). The construction 
of this special Tanner graph, which we call the check inverse 
of G, is described next. 

Given a planar Tanner graph G, the check inverse of G, 
denoted G', is a planar Tanner graph with check node set 
V' c = V c and bit node set V' b = V£> U V% b U V[ h constructed 
as follows: 

1) V£ ^ F(C(G)). A bit node v b £ V 3 ' b corresponds to a 
face / £ F(C(G)), and is connected to the three check 
nodes in V c (f) that form the face / in C(G). Bit nodes 
in y 3 ' h have degree 3, and |y 3 ' fc | = 2\V C \ - 4. 

2) The set V' 2 b U V[ h is an arbitrary subset of V 2 b [j V? (the 
set of degree-2 and degree- 1 bit nodes of G) of size 

\V 2 n> \Jv; b \ = [\V b \-(2\V c \-4)} + 



where [x] + = max(ir,0). A bit node v b e V 2 b \JV^ b 



C 



V 2 {J V b is connected to the check node(s) in Af(vb). 
Example 1: The construction of the check inverse for a 
planar Tanner graph G is illustrated in Fig. [4] The Tanner 




G C(G)=C(H) 
Fig. 3. One check graph for multiple Tanner graphs. 



H 



G> 



Fig. 4. Construction of check inverse. 

graph G has 9 bit nodes (1 of degree 4, 4 of degree 2, 4 of 
degree 1) and 4 check nodes. The check graph C(G) has 4 
nodes, corresponding to the check nodes of G, and 4 faces 
(3 interior and 1 exterior) enclosed by three edges each. The 
check inverse G' has 4 check nodes corresponding to the check 
nodes of G or the nodes of C(G). The 4 bit nodes of degree 
3 in G' correspond to the 4 faces of C(G) from Step 1 of the 
construction of G'. These nodes are labelled with the labels of 
the faces in C(G). In Step 2, 5 bit nodes of degree- 1 and 2 (the 
nodes 'b', 'c', 'd', T, T) are added to G' with connections 
according to the corresponding connections in G. In Fig. |4] 
the dotted lines in G' are the edges of C(G) = C(G'). 
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The following properties of the check inverse of a planar 
Tanner graph are important for future constructions: 

• If |V^ b | > 2|V^ C | — 4, the check inverse G' has the same 
number of check nodes and bit nodes as G. If the rate 
of the code defined by G is greater than 1/2, we have 
\V b \ > 2\V C \ -4. 

• For rate greater than 1/2, we have 



\V( b \ + \V; b \ = \V b \-{2\V c \-A). 



(1) 



From now on, we will restrict ourselves to planar Tanner 

graphs G that define codes of rate greater than 1/2 so that 

(JTJ) always holds. 
• The check graph of G' is same as C(G) i.e, C(G') — 

C(G). But each face in C(G') corresponds to a degree 3 

bit node in G' unlike in C(G) and G. 
The check inverse plays a crucial role in the minimum 
distance bounds. Distance bounds will first be shown for the 
code represented by the Tanner graph G' . Then, the same 
bound will be seen to hold for the original graph G. 

D. Dual of check graph and codeword-supporting subgraphs 

Since the check graph C(G) is planar, we can define its dual 
as defined for any planar graph |6|. Since we are working on 
a particular embedding, the dual graph is unique. 

The dual of C(G), denoted as C^(G), is a planar graph 
with vertex set V^(G) that has a one-to-one correspondence 
with F(C(G)). Two vertices of C^(G) are joined by an edge 
whenever the corresponding faces of C(G) share an edge. 
Since C(G) is maximal planar with \V C \ vertices and 2\V C \ —4 
triangular faces, C^(G) has 2|V AC |— 4 vertices each of degree 3. 
Since there is a one-to-one correspondence between edges in a 
planar graph and its dual, let us denote the edge corresponding 
to e in C(G) as e* in C\G). 

If there are multiple edges between any two nodes of 
CT(G), we can show that the minimum distance of the code 
represented by G is at most 2 (See Section IV-F| for a proof). 
So, we consider planar Tanner graphs G and check graphs 
C(G) such that there are no multiple edges in C'(G). 

Subgraphs of the dual of the check graph play an important 
role in determining the existence of low-weight codewords 
in the code (or small codeword-supporting subsets of check 
nodes in the code's Tanner graph). The basic idea is the 
following. Using a vertex-induced subgraph of the dual of 
the check graph C'(G), we define subsets of check nodes 
of G and study when they are codeword-supporting. Let 
U C V\G) S F{C(G)) induce a subgraph C\j{G) of&{G). 
Because of the congruence, we will denote a vertex of O (G) 
as a face / e F{C{G)). Hence, U C F(C(G)). For each 
subset U, we associate a subset of check nodes V§ of G as 
given below: 



VS = u feu v c (f), 



(2) 



where V c (f) (as before) is the set of three nodes that form 
the face / in C(G). Hence, every vertex subset U in C'(G) 
corresponds to a subset of check nodes V£ in G. We will prove 
existence of codeword-supporting subsets among the sets Vfi 
produced by different U. 



The subgraph of C(G) induced by V{j is denoted Cu(G). 
In spite of the notation, note that C\j (G) is not necessarily the 
planar dual of Cjj(G). 

As before, the set of bit nodes induced by V{j in the Tanner 
graph G is denoted I(V{j). The weight of an induced subgraph 
C\j{G), denoted wt(C\j(G)) or wt(U), is defined as wt(U) = 
|2"(Vjy)|, the number of induced bit nodes of V{j. An induced 
subgraph C]j{G) of C^(G) is said to be codeword-supporting 
if wt(U) > \V$\. 

Example 2: Consider a planar Tanner graph G with V b — 
{a,b,c,d,e,f,g} and V c — {1,2,3,4,5} as shown in Fig. [5] 
The check graph C(G) has 5 vertices corresponding to 5 




Fig. 5. Dual of the check graph. 

check nodes of G and 6 faces (including the external face). 
The 6 vertices in dual C^(G) are labelled according to the 
corresponding faces in C(G). Let U = {fi,fi} C V^(G). 
Then, V£ = {1,2,3,4} and C V {G) = /iU/sUA- The 
bit nodes induced by V{j, 1(V{j) — {a,b,c,d} and hence 
wt(U) = 4. 

In Fig. [5] the degree-3 bit nodes of G {c,d,e} are identified 
with the respective faces /4, /s} in the check graph C(G) 
and the corresponding vertices in the dual of the check graph 
C\G). The degree-2 bit nodes of G {b,f,g} are identified 
with the respective edges {(1, 4), (3, 5), (1, 5)} in C(G) and 
the corresponding edges {(/ 3 , / 6 ), (f 2 ,fa), (/ 2 , /e)} in C f (G). 
The degree- 1 bit node {a} of G is identified with node 1 of 
C(G) and the external face of &(G). 

In the main result of this paper, we establish the existence 
of codeword-supporting subgraphs induced by a small subset 
U in the dual of the check graph of a planar Tanner graph. 
The next two propositions show that the size of V{j and the 
minimum distance of the code are bounded by the size of U 
that induces a codeword-supporting subgraph in C'(G). Hence, 
small codeword-supporting subgraphs in the dual of the check 
graph result in low-weight codewords in the code. 

Proposition 3: Let Cjj(G) be a connected induced subgraph 
of Ct(G) induced by a proper subset U C F(C(G)). Then, for 
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the subset of vertices U, 

\V3\<\U\+2-c(U), 

where c(U) is the number of simple cycles in C\j{G). 

Proof: As shown in Appendix \M the subgraph C]j (G) 
can be constructed by adding nodes one at a time from the set 
U in a suitable order. The order is such that, at each step of 
the construction, the most recently added node has degree 1 
or 2 after inclusion. Hence, the resulting subgraph after each 
step is connected. With this particular ordering of nodes of U, 
we will prove the proposition by induction. 

Let \U\ = 1. Then, \Vfi\ = 3 = \U\ + 2 - 0. Hence, the 
proposition is true for \U\ = 1. Assume that it is true for the 
subgraph induced by P nodes where P C U i.e. 



IVpI < 1^1 



2-c(P), 



where c(P) is the number of simple cycles in C P (G). We 
will prove that the result holds when a new node w is added. 
Consider the subgraph C\ V {G) induced by W — P{Jw. By 
the ordering of the nodes, w has degree 1 or 2 in CJ^(G). 
Case 1: w has degree 1. 

Since w is connected to C P (G) by exactly one edge, the 
face in C\y(G) corresponding to w results in the addition at 
most one new node to Cp(G). Also, the addition of w does 
not create a new cycle in C\ V {G). Hence, \V^\ < | V^s | H- 1 < 
|P| + 2 - c(P) + 1 = |W| + 2 - c{W), where c(W) is the 
number of simple cycles in C|^(G) which is equal to c(P). 
Case 2: w has degree 2 

Since w is connected to C P (G) by two edges, the nodes at 
the boundary of the face corresponding to w in Cw(G) are 
already present in Cp(G). Thus number of nodes in Cp(G) 
is same as that in Cw(G). Also, the addition of w increases 
the number of cycles in the resulting subgraph by 1. This is 
because w connects two nodes in P that are already connected 



in C P {G). Hence, \V } 



\v?\ < \P 



+ 2 - c(V) + 1-1 



\W\ + 2 — c(W) where c(W) is the number of simple cycles 
in Cl(G). 

The two cases are illustrated in Fig. [6] The dotted lines in 
Fig. [6] are the edges induced in C^(G) by the addition of the 
node w. 

Thus by induction, 

\V§\<\U\+2-c{U). 



Proposition 4: Let G be a planar Tanner graph of a code 
with minimum distance d. If there is a codeword-supporting 
connected subgraph of C^(G) induced by a proper subset U, 
then 

d < \U\+3. 

Proof: Since Cjj(G) is codeword-supporting, wt(U) 



Since C\j{G) 
2-c < | tf|+2. 



\Z{Vu)\ > |V£|. By Proposition l] d < 
is connected, by Proposition [3] Vfi\ = \U\ 
Therefore, d<\U\ + 'S. ■ 
Therefore, to bound minimum distance, we search for sub- 
graphs of C^(G) on minimum number of vertices that are 
codeword-supporting. 




no new node 

Case 2 

Fig. 6. One step in inductive construction of Cjj(G). 

III. Distance-Rate Bounds 

The main result of this paper is the following theorem. 
Theorem 5: Let G be a planar Tanner graph representing a 
code with rate R> 5/8 and minimum distance d. Then, 



d < 



7-8R 
2(2R- 1) 



The proof involves multiple steps. In the first step, we con- 
struct the check inverse G', check graph C(G') = C(G) and 
its dual C^(G') as discussed in Section HH In the second 
step, the distance bound of Theorem [5] is shown for the code 
corresponding to the check inverse G' by proving the existence 
of a suitable codeword-supporting subgraph in C^(G'). In the 
third and final step, the same bound is shown to hold for G 
by a series of graph manipulations. 

For clarity of explanation, we first show the second and 
third steps in the proof for a weaker version of Theorem [5] 
For the weaker version, the codeword-supporting subgraph of 
C^(G') is simply an edge. However, the important ideas in 
the general proof are present in the weaker version as well. A 
general proof of Theorem [5] is presented later in Section IV 



A. Illustrative proof 

A weaker version of Theorem [5] is the following. 

Theorem 6: Let G be a planar Tanner graph representing 
a code with rate R > 11/16 and minimum distance d. Then, 
d < 5. 

We first prove a few lemmas that are used in the final proof. 
Using the constructions in Section |n] let G' be the check 
inverse of G. Let C(G') be the check graph of G' and let its 
dual be C^G'). 

1 ) Codeword-supporting subgraph for G': 

Lemma 7: Let G' be a check inverse of G supporting a 
code of rate R > 11/16. Then, there is an edge in C'(G') that 
is codeword-supporting. 
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Proof: Consider an edge e* = (/j.,/2) € E'(G'), where 
£t(G') denotes the edge set of C f (G'). Since C(G') is max- 
imal planar on \V C \ vertices, we have |£^(G')| = 3 1 V" c | — 6. 
We set U = {/1, / 2 } and get C^(G') = et as shown in Fig [7] 
For simplicity, the set [/ is replaced with & in the notation. 
For instance, Vfi will be denoted and so on. 




4(G) Cv(G) 

Fig. 7. Edge as the induced subgraph. 

Consider the following summation: 

y{G')= Me+J-I^l). (3) 

etgBt(Gf) 

We will show that y(G') > 0, which implies that there exists 
an edge & such that wt(e') > |F c t | proving the lemma. 

From Fig. g |V; c t | = 4 for allV. So, to evaluate y(G'), 
we write 5Z e t e Et(G') w ^( e ^) as follows: 

where g(t>b) is the number of times a node Vb of G' is induced 
by V e c t , et e St(G'). Let 

77,:= ^ g(« 6 ) (4) 

where V i b is the set of degree-i bit nodes in G' . Then, 

E wt(e f ) = 771 + 772 + % 

eteEt(G') 

We can now evaluate q(vb) in the terms 77, for i = 1,2,3. 
A degree-3 bit node Vb £ V^ b corresponds to a triangular face 
in C(G'), which corresponds to a degree-3 node / £ C^(G'). 
Whenever an edge e< is incident on /, the node Vb will be 
induced by V c f . Since there are 3 edges incident on any node 
in C^(G'), q(vb) = 3 for v b £ V^ b . 

A degree-two bit node Vb £ is identified with an edge 
in C(G'). Note that this edge is common to two faces, say /1 
and f% in C(G'). Let f\ and fa be the corresponding nodes in 
C'(G'). Then, Vb is induced by V e c t , whenever e' is incident to 
fi or Ji- Since there are 5 edges incident on two neighboring 
nodes f\ and f-x in C'(G'), q(vb) = 5 for Vb £ V^- This is 
illustrated in Fig [8] 

A degree- 1 bit node Vb £ V 2 /f> in G' is identified by a 
check node to which it is connected to in G'. This check 
node corresponds to a face in C'(G'). The node 7j b is induced 
by V\, whenever & is incident on one or more vertices of 
the face. Since there are at least 3 vertices in a face, note that 




Fig. 8. Computing for a degree 2 bit node v^. 

q(vb) for a degree-1 bit node Vb is greater than q(v' b ) for a 
degree-2 bit node v' b . Thus, 

E wt ^) > 3|V 3 ' 6 |+ 51^1+51^1, 

eteBt(G') 

= Z{2\V' C \ - 4) + b{\V lb \ - {2\V' C \ - 4)), 
= b\V' b \ -4|T/' c | + 8, 

upon using ([TJ. Using in d3j, 

^(G') > 5|^' b | -4|y' c | +8-4(3|^' c | -6), 
= 5|V^' b | - 16|^' c | + 32. 

We see that y{G') > 0, whenever R = 1 - j^j > i|. ■ 
By Lemma [7] we have shown that there is a codeword- 
supporting edge in C^(G'). 

2) Codeword-supporting subgraph for G: To extend the 
proof to a general planar Tanner graph, we show that a series 
of simple modifications can transform the check inverse G' to 
the original Tanner graph G. We begin by defining three basic 
operations on a generic planar Tanner graph P. 

1) DS1: Remove a degree-3 bit node in P and add a degree- 

1 bit node to some check node. 

2) DS2: Remove a degree-3 bit node in P and add a degree- 

2 bit node to a pair of check nodes keeping the resulting 
graph planar. 

3) DE: Increase the degree of a degree-3 bit node by 
connecting it to one or more check nodes so that the 
resulting graph is still planar. The resulting increase in 
degree is called the expansion factor of DE. 

The abbreviation DS stands for Degree Shrinking, and DE 
stands for Degree Expansion. These operations are illustrated 
in Fig [9] In Fig. [9] the solid lines are the edges of the Tanner 




Fig. 9. Illustration of DS and DE operations. 

graph and the dotted lines are edges of the check graph. Note 
that the check graph is unaltered by the DS and DE operations. 

Proposition 8: Let G be a planar Tanner graph with check 
inverse G'. Then, G can be obtained from G' by a series of 
DS1, DS2 and DE operations. 
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Sketch of proof: In the process of constructing G', the 
following observations can be made: (1) degree-3 nodes of G 
are retained in G', (2) some degree-2 and degree- 1 nodes may 
be dropped, and (3) higher degree (> 4) nodes of G result in 
multiple degree-3 nodes in G' . 

The operations DS1 and DS2 restore the dropped degree-2 
and degree- 1 nodes, while a following DE operation creates 
higher degree nodes. Note that DS1 and DS2 create "empty" 
faces in the check graph of G' while DE makes a set of faces 
correspond to a single bit node of higher degree. 

Also note that if we start with G", DE by a factor of x 
is always preceded by x DS operations since x empty faces 
should be created before DE in order to preserve planarity. 
These operations recursively position degree 2 and degree 1 
bit nodes to the positions as in G and also create bit nodes of 
higher degree matching to those in G. ■ 

Example 3: Consider the Tanner graph G and its check 
inverse G' in Fig. [4] of Example [T| Starting with G' we can 
obtain G through a series of DS1, DS2 and DE operations. 



This is illustrated in Fig. 10 Note that C(G) remains a valid 



check graph of the resulting graph after every operation. 




DSl 




G" 



DSl 




C(G) = C(G') 




DS2 




DE 




G 



Fig. 10. Illustration of Proposition [8] 



We are now ready to prove the existence of a codeword- 
supporting edge in C^(G). The approach is to show that the 
operations DSl, DS2 and DE cannot decrease y(G'). Hence, 
at the end of the necessary series of DS and DE operations to 
get G from G', we have y(G) > 0. The result is proved in 
the following lemma. 

Lemma 9: Let G be a planar Tanner graph representing a 
code with rate R > 11/16. Then there is an edge in C^(G) 
that is codeword-supporting. 

Proof: We will prove by showing that the operations 
DS and DE on the bit nodes of G' to get G are such that 
y{G) > y{G') (see ^ for definition). Since both C\G') 
and C^(G) have same structure when seen as graphs, the term 
Eet 6 Et(G') lK C tl = E e t ejE t( G ) |V; c t |. The change will be in 



eteBt(G) 



etefit(G') 



We will show that A > to claim the lemma. 

Let H be the planar graph obtained at some intermediate 
step in the transformation from G' to G. Let us see how DS 
and DE operations affect X) e te_Bt(_fr) wt(e ! ). 

The operation DS2 reduces the number of degree-3 bit 
nodes by one, and increases the number of degree-2 bit nodes 
by one. Let rj'^ and be the new values of the terms 772 and 
773 in Q after the operation DS2. Let SdS2 be the change in 
S e te_Et(/f) wt{e') when a DS2 is performed. We see that 

^3 = V3 ~ 3 
V2 = V2 + 5 
Sds2 = (»?3 + V2) ~ (V3 + m) = 2 > 

Since DE by a factor of x is preceded by x DS operations, 
we will study the net effect. DE with expansion factor of x 
preceded by x DS2s results in the following: 

(i) reduces the number of degree-3 bit nodes by x + 1 

(ii) increases the number of degree-2 bit nodes by x 

(iii) introduces a bit node of degree x + 3. 

Effect of (i) and (ii) can be readily derived as before. As 
(iii) involves introduction of a bit node, it increases y(H) 
by a positive quantity, say a x . Let 8de be the change in 
Set est or) wt(el) when a DE is performed. Therefore, 



S DE = -3(x + l) + 5(x)+. 



(5) 



Since 5de is non-negative for x > 1, it is enough to compute 
a\ and show that Sde is non-negative for x = 1. When the 
expansion factor is one, a degree-3 bit node Vb becomes a 
degree-4 bit node, and Vb is identified with two faces of the 
new check graph having a common edge. This is equivalent 
to saying that Vb is identified with an edge in the dual of the 
check graph. Therefore, a\ = 1. Substituting in |5]), we get 
Sde = for x = 1. 

As q(vb) of a degree- 1 bit node Vb is more than q(v' b ) 
of a degree-2 bit node v' b , Sdsi is non-negative whenever 
DSl is used in place of DS2 where Sdsi is the change in 
E e t e _Et(ff) w K e ^) when a DSl is performed. 
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Since G can be obtained from a series of DS1, DS2 and 
DE operations, and since Sdsi> $DS2, and 5de are all non- 
negative, A > 0. Hence, the lemma is proved. ■ 

3) Proof of Theorem^ By Lemma 9] C^(G) has an edge 
et such that \X{V^\) > |V e c t |. We see that |V; c t | = 4 by 
Proposition [3] Hence, by Proposition [T] the code defined by G 
has a codeword of weight at most \V\ \ + 1 = 5. This proves 
Theorem [6] 

IV. Proof of Main Result 

We now provide the proof of Theorem [5] The method and 
steps of proof are similar to that of the proof of the weaker 
Theorem|6] A codeword-supporting subgraph will be shown to 
exist in the dual of check graph of check inverse by a similar 
counting argument. The result will then be extended by DS 
and DE operations to the original graph. 

The main change is that an edge of the dual need not be 
codeword-supporting for lower rates. We will show that among 
the neighborhoods of vertices of the dual of check graph with 
p nodes (for a suitably chosen p), there exists a codeword- 
supporting subgraph, which provides a bound on minimum 
distance. 

We will impose a girth condition on the dual of check graph, 
so that the neighborhoods become trees for small p. Since 
the dual of check graph is regular with degree 3, the vertex 
neighborhoods will be rooted trees with mostly degree-3 nodes 
except near the leaves. The girth condition on the dual of the 
check graph will be later shown to translate into a condition 
on the rate of the code defined by the original Tanner graph. 

The type of neighborhood structure in the dual check graph 
is captured by 3-trees defined below. 

A. 3-trees 

A 3-tree rooted at a vertex v r is a rooted tree in which the 
root v r has at most 3 children and all other nodes have at most 
2 children. The depth of a vertex v is the length of the path 
from the root v r to the vertex v. The set of all nodes at a given 
depth is called a level of the tree. The root node is at depth 
zero. The height of a tree is the length of the path from the 
root to the deepest node in the tree. A complete 3-tree is one 
in which every level, except possibly the last, is completely 
filled. 

The number of nodes at level I (except possibly the last) 
of a complete 3-tree is 3.2 i_1 and number of nodes up to 
and including level I is 3.2' — 2. Fig. 
complete 3-tree. 



1 = 



11 



shows a picture of a 



i = i 



1 = 2 




h =3 



Fig. 11. A Complete 3-tree rooted at v r . 

Here are a few results on complete 3-trees. 



1) Let p be the number of vertices of a complete 3-tree. 
Then p = - 2 + z(p) for a suitable level l(p) 
such that < z(p) < 3.2'w -1 , where z(p) denotes the 
number of nodes in the last level. 

2) Height of the complete 3-tree with p vertices is 



Hp) 



l{p) ,z(p)^0 
l( P )~l ,z(p)=0 



3) There are t{p) = ( ) complete 3-trees of height 
h(p) rooted at a given vertex v. Each such tree is called 
a realization of the complete 3-tree rooted at v. 

4) There are three branches from the root of a complete 3- 
tree on p nodes. The number of nodes up to level I < h(p) 
on one branch (excluding the root node) is |(3.2' — 3) = 
2 l - 1. 

The parameters l(p), z(p), h(p) and t(p) are evaluated for 
some values of p in Table [I] 



V 


«p) 


z(p) 


h(p) 


tip) 


2 


1 


1 


1 


3 


3 


1 


2 


1 


3 


4 


2 





1 


1 


5 


2 


1 


2 


6 


8 


2 


4 


2 


15 


10 


3 





2 


1 



TABLE I 

Parameters of a complete 3-tree for some values OFp 



B. Complete 3-graphs in (G) 

Since C^(G) is planar with uniform degree 3, we can look 
for complete 3-trees on p vertices in the vertex neighbourhoods 
of C'(G). Given p, each root has t(p) complete 3-trees of 
height h(p) only when the girth g of C^(G) satisfies 



g>2h(p) + l, 



(6) 



where h(p) is the height defined as before. 

Let V^(G) be the vertex set of C\G). Let C V\G) be 
the vertex set of the j-th realization of a complete 3-subtree 
rooted at node v. t with p vertices. Let the subgraph induced 
by Vjj be denoted as C\ j(G) for simplicity. These induced 
subgraphs from now on will be referred to as complete 3- 
graphs. 

Note that Cj j(G) need not be a tree due to the presence 
of one or more extra edges that can create cycles. However, 
under the girth condition, these additional edges can only be 
between leaves of the complete 3-tree creating cycles of length 
2h(p) + 1. These additional edges between the leaves of a 
realization of a complete 3-tree in the neighborhood of a node 
are said to be cycle-creating with respect to that particular 
realization. 

The number of realizations with root vi in which an edge e) 
is cycle-creating is called the recurrence number of the edge 
with respect to the vertex Vi, and is denoted as r v .(e^). 
The total number of all realizations with respect to all roots 
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in which eJ is cycle-creating is called the total recurrence 
number of the edge and denoted r(e'). We readily see that 

r(et)= ^ r^(et). (7) 
uievt(G) 

An edge that is cycle-creating for at least one realization (or 
edge with positive total recurrence number) is called a cycle- 
edge. The set of all cycle-edges in C^(G) is denoted by 25(G). 
Example 4: Consider the dual graph C^(G) shown in Fig 



where t(p) is the number of realizations of complete 3-trees 
on p vertices rooted at a particular node assuming the girth 
condition §6§. We will show that y{G) > to establish 
the existence of a codeword-supporting subgraph among the 
complete 3-graphs of C^(G). Let m = \V C \ and n = \V b \ 
be the number of check nodes and bit nodes of G. Hence, 
|V f (G)| = 2m - 4. Using ^ in ^, we get 

t(p) 



12 



xamnie consider ine uuai grapn u'iuj snown in rig. . T rr r/r> ,\ ,/ \ ,\.f \i 

We will show some complete 3-graphs in Ct (G) of 4 3>(G) > £ £ - [(2m - A)pt{ JP ) + 2(2m - 4)t(p)] 




Fig. 12. An illustration of complete 3-graphs rooted at few nodes for p = 4. 

[T2"1 for p = 4. Fig. [T2|a) shows a complete 3-graph rooted at 

~^b),(c) 
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/x in which e\ is a cycle-creating edge. Similarly, 
shows complete 3-graphs rooted at /j and fa respectively. The 
corresponding cycle creating edges are shown in dashed lines. 
Observe that e| which is cycle-creating for the complete 3- 
graph rooted at /i, but is not cycle-creating for the complete 
3-graph rooted at f^. 

For the complete 3-graph rooted at f±, e\ is cycle-creating. 
Since p = 4, t(p) = 1 i.e, there is only one realization per 
root node. Hence, r/ 4 (ey = 1. Also note that e\ is not cycle- 
creating for other complete 3-graphs rooted at other nodes. 
Therefore, r(e{) = 1. Using similar arguments, we can show 
that r(et) = 1 for i = {2,3,5,6,7}. These edges are cycle- 
edges in C'(G). All other edges are non-cycle-edges; hence, 
their recurrence number is zero 

Let W Vi j 

tion of a complete 3-graph rooted at v. 

check nodes forming the faces corresponding to the vertices 
Vl in Ct(G) i.e. 



wtiCl^G)) be the weight of the j-th realiza- 
Let Vf, be the set of 



Proposition |3] 



V c - = 

1,3 



V{j with U = V} A as in 



IV; 



< 



P 



1,3 



§■ By 



-Oi ,3 ' 



(8) 



where c Vi j is the number of cycles in the j-th realization of 
the complete 3-graph on p nodes rooted at v%. By definition, 
j(G) is codeword-support 
Consider the summation, 



Cjj(G) is codeword-supporting if W Vt ,j — \ V?j\ > 



_ t(p) 

ViEVt(G)3=l 



(9) 



t(p) 



ViEVHG) 3=1 



(10) 



To show y(G) > 0, we simplify the terms in the right hand 
side of {TO}- 

C. Simplifying J2v^V(G) Ej=i c v,.j 

We begin by relating the number of cycles c Vi to recur- 
rence number of edges. 

Proposition 10: The following equality holds: 



E E' 

Bi6Vt(G) 3=1 

Proof: We see that 

t(p) 

E E Cvi <j = 

ViEVHG) 3=1 



E k4) 

fe 23(G) 



E E r,Mi 

v,eVt(G) e j e <B( Vt ) 



where 25 (vi) is the set of edges that are cycle-creating in any 
of the complete 3-graphs rooted at u^. Now, 



tip) 



E E« 

ViSVt(G) 3=1 



= E E r„M) 

e\E<&(G)Vi£VHG) 

= E r ( e /)- 

eJeB(G) 



(ID 



7 J Occupied and unoccupied edges: In the computation 
of y(G), the cycle edges identified with degree-2 bit nodes 
should be treated separately. Such cycle edges are classified 
next. 

Each degree-2 bit node in G is identified as an edge in 
C(G). An edge e in C(G) is said to be occupied by a degree- 
2 bit node if the bit node is connected to the check nodes of 
e. Else it is said to be unoccupied. Since there is a one to one 
correspondence between edges of C(G) and edges of its dual 
C'(G), we use the terms occupied and unoccupied for edges 
of dual as well. 

Similarly, we can talk of occupied and unoccupied check 
nodes. A check node of a planar Tanner graph is said to be 
occupied if there is a degree- 1 bit node connected to it. The 
degree- 1 bit node is said to occupy the check node. Otherwise, 
the check node is said to be unoccupied. 

Let 23(G) be the set of cycle-edges, and let 23 (G) and 
23 U (G) be the set of occupied and unoccupied cycle-edges. 



to 



We see that 03 o (G) and 23 U (G) partition 03(G) so that the 
following holds: 



|B(G9| = |»o(G)| + |»«(G)|. 



(12) 



Example 5: In the Tanner graph of Figs. [5] and 12 the 
set of occupied edges are given by {e^eg,^} as seen from 
Example [2] and the set of cycle-edges is given by 25(G) = 
{e3,, ej, ejfeg, e\}. Hence, we see that 03 o (G) = {eg, e\} and 



Q3 a (G) = {e4 



2) e 3> e 5 



}• 



Using the partition of 23(G) in (Hi, we see that 



t(p) 



E M: 

4eQ3 (G) 



E k4)- 

ete<8 u (G) 



(13) 



Example 6: In the illustration of the DS and DE operations 



in Fig. 10 we stated that the check graph of G and G' are the 



same. However, the set of occupied edges and check nodes 
changes because of the changes in the number of degree-2 



and degree-1 nodes. In the check graph C(G') in Fig. 10 the 



set of occupied edges is {(1,2), (2,4), (3,4)}, and the set of 
occupied nodes is {1,4}. However, in C(G) in Fig. 10 the 



set of occupied edges is {(1, 2), (1, 3), (2, 4), (3, 4)}, and the 
set of occupied nodes is {1,2,3,4}. Since new degree-2 and 
degree-1 nodes can possibly be added in G through the DS 
operations, some unoccupied edges and check nodes in C(G') 
become occupied in C(G). 

2) Singular nodes: Another special situation arises with 
multiple edges in check graphs. Note that, by construction, 
multiple edges can arise in check graphs, if they do not result 
in a face enclosed by two edges. The effect of multiple edges 
in check graphs is characterized next. 

Definition: Let G be a planar Tanner graph, and let C(G) be its 
check graph. Let C*(G) be a subgraph of C(G) consisting of 
a maximal planar graph on 4 vertices plus an edge that leads 
to an external face of length 2 in C*(G) as shown in Fig. 13 
In addition, we impose the constraint that the interior faces of 
C*(G) are faces in C(G). A degree-1 bit node in G is said to 




C(G) 



Fig. 13. Singular nodes. 



be singular if it occupies a check node in G that corresponds 



to one of the interior nodes of C*(G). In Fig. 13 a degree-1 
bit node that occupies v c or v' c is singular. 

The number of singular nodes in a planar Tanner graph G 
is denoted sq- The following proposition relates so to the 
recurrence number. 



Proposition 11: Let G be a planar Tanner graph with sg 
singular nodes. Let 03 U (G) be the set of unoccupied cycle- 
edges in C' (G) for the complete 3-graphs on 4 nodes. If 

E M) < SG - 

e 1 t GB„(G) 

there exists a codeword-supporting subgraph on 4 nodes in 
Ct(G). 

Proof: Let £ e t e2MG) r ( e l) < S G- Since E e t e!8ll r (4 ) 
is non-negative sq is at least 1. Hence, there is at least one 
subgraph of the form C*(G) as shown in Fig. [l3]in C(G). Let 
03 be the set of edges in C^(G) corresponding to the set of 
interior edges {ei, e2, e 3 , e§} in C*(G). The edges of 03 
are shown as dashed lines in Fig. [14] Note these the edges are 
cycle-edges for p — 4. 




Fig. 14. Cycle edges in the dual for p = 4. 

Let Cj(G), i = 1, 2...k be the subgraphs in C(G) of the form 
C*(G). Let s G be the number of singular nodes in C*(G) and 
03* be the set of 5 cycle-edges corresponding to the interior 
edges in C*(G). Observe that 03* are disjoint. Let 03^ be the 
subset of edges of 03 J that are unoccupied in C^(G). Let 03* = 
U<Li Then ' C 03 U (G). Hence, 

E M)< E M)< s g, 
E E K4)<X> G , 
E f E M) - sb) < o. 

Thus, there exists j, 1 < j < k, such that, 

E r ( e ; ) < 4. 



\*i\<s j G . 



Thus, there are at most s J G — 1 edges in 03 J that are unoccupied. 
In other words, there are at least 6 — s G occupied edges in 03 J . 
Therefore, the 4 nodes in C*(G) induce at least 6— s G +s G = 6 
bit nodes in G. Since, there are 4 faces in C*(G), there exists 
a codeword supporting subgraph on 4 nodes in C^(G). ■ 
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D. Minimum distance bound for G' 

The next lemma is a generalization of Lemma [7] from edges 
to complete 3-graphs for the main result. 

Lemma 12: Let G be a planar Tanner graph with check 
inverse G'. Let G" define a code with rate R. Then, there 
exists a codeword-supporting subgraph on p vertices in C\G') 
where 

_ [ 7-8R 
P ~ 2{2R- 1) 

is such that the girth condition (|6]i is satisfied. 
As before, we will prove the result by showing that y (G 1 ) > 0. 
Simplifying E^ev^tfc) Ej=i Let us now consider 



the summation of weights term in (lOi. As done in the 
illustrative proof of Theorem [6| we let 



tip) 



^ ^2 W nd = E l( Vb ^ 



E 

where q(vb) is the number of times a node Vf, of G' is induced 
by Vfj for all i and j. Let 

% = E q{ - Vb ^ (14) 

v b £V- b 

where V i b is the set of degree- j bit nodes in G'. Then, 



t(p) 

E E^' = '?i 



m + m- 



(15) 



We will begin with calculation of 773. A degree-3 bit node Vb in 
G" is identified with a node / in C^(G'). So, q(vb) is same as 
the number of complete 3-graphs that contain /, which equals 
pt(p). Hence, we see that 

q(v b ) = pt(p) for v b S V 3 b 

Therefore, 

r] 3 = (2m-4)pt(p). (16) 

The computation of 1J2 and rj\, as shown in Appendices [B] and 
[C] results in the following. 

m = \v?\{\ P +\)t{p)- £ r{ 

eJeQMG') 

nx>\V{ h \{\v+\)t(p)-s G ,(p), 
where sc> (p) is given by, 

SG'(P) = \ 



when p 
else 



(17) 



(18) 



(19) 



with sq' being the number of singular nodes in G' as 
discussed in Section HV-C2I 



Using ( 16 1, ( 17 1 and ( 18 1, we get 



t(p) 

E E 

w*evt(G')i=i 



W Vi<j > (2m-A)pt(p) 



+ \V^\ P +\)t{p) + \V[ b \{ A -p+ 2 -)t{p) 



E 



r(e\) - s G /(p). 



eje<B (G') 



Using I VY b I + |U 2 ' b | = n - (2m - 4), we get 

t(p) 4 2 1 2 

53 E^J ^ [-pn+-n--p(2m-4)--(2m-4)]t(p) 

Vi£VHG')J =1 

- 53 M)' s g'(p). (20) 

e te03 o (G') 



Proof of Lemma 12 1 Using (13i and ( |2Q) i in the expres- 
sion for y(G') in ( 10 1, we get 



y{G')>{^pn+ 2 -n- A -p{2m-A) 



r (2m-4))t(p) 



+ ^ r(eJ)-* G ,(p). (21) 

Let X = (fpn+fn- |p(2m-4) - §(2m-4))i(p). Hence, 
^(G')>X+ ^ r(ej)-s G '(p) (22) 

e|e»u(G') 

We fix p to be the smallest integer that results in X > 0. 
This is readily seen to be 

7-8R 



2{2R-\) 



(23) 



Case 1 : p ^ 4. 

When p given by ( 23 1 is not equal to 4, sq 1 (p) = by ( 19 1 and 
hence the term X^es (G') r ( e I) — s G'(p) is non-negative. 
This implies that, for this p, y(G') > and there exists 
a codeword-supporting complete 3-graph on p 
nodes. 

Case 2: p — A. 



7-SR 
2(2ft-l) 



eje3S u (G') ' v^Z 



r(et) - s G '(p) > 0, y(G') > for p 



If £ 

and there exists a codeword-supporting complete 3-graph on 



P 



7-8R 

2(2H-1) 



4 nodes. Even otherwise, by Proposition 
IT] there exists a codeword supporting subgraph on 4 nodes. 



E. Minimum distance bound for G 

The bound for G is obtained as in the proof of Theorem[6]by 
showing that the operations DS and DE do not reduce the value 
of y(G'). The graph G is obtained from G' through a series 
of recursive operations as shown in Proposition [8] We will 
see how the DS and DE operations involved in transforming 
G' to G affect the summation y(G'). Since both C\G') and 
C'(G) have same structure when seen as graphs, the term 
£ 0l6 vt(O) Eg m = E^t(G) Eg 1^1- The only 
change will be in E^e^G') Eg ^ 

Let H be a planar graph obtained at some intermediate step 
in the transformation from G' to G. Since C(G') is a check 
graph for H, the girth condition is satisfied by C'(H). We 
write 

t(p) 

^(#)= E J2 W ^ = ^(H) + m (H) + m (H), 

(24) 

where rji(H) = 2~Zt>(,ev b w i tri Vi being the set of 

degree-i bit nodes in H. 
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1) Effect of DS2: The graph obtained after the DS1 oper- 
ation on H is denoted DS1[H]. Let A DS i = W(T>Sl[H]) - 
W(H) be the change in the weight summations because of 
the DS1 operation. Similar notation is used for the DS2 and 
DE operations. 

The operation DS2 reduces the number of degree-three bit 
nodes by one and increases the number of degree-2 bit nodes 
by one. From ( [To*} and (TTVl, 

m (DS2[H])=r, 3 (H)-pt(p), 

m (DS2[H}) = m (H) + (*p + t{p) - r(e t ), 

where es is the edge in C 1f (DS2[H]) identified with the new 
degree-2 bit node. Hence, 



A 



DS2 



= <5-r(e t ), 



(25) 



where S = \p.t{p) + > 0. 

2) Effect of DSl: The operation DS1 reduces the number of 
degree-3 bit nodes by one and increases the number of degree- 
1 bit nodes by one. From Appendix [c] q(vb) for a degree- 1 
bit node Vb is at least (|p + §) t(p) except for the case when 
p = 4 and singular. Following calculations as before, we 
can show that 

A DS1 =5-s'(p), (26) 

1 1, p = 4 and singular, 
where s'[p) = i 

10, else. 

3) Effect of DE: Let DE(x) denote the DE operation by an 
expansion factor of x, which is necessarily preceded by x DS 
operations. The operation DE(x) results in the following: 

(i) reduces the number of degree-3 bit nodes by x + 1. 

(ii) increases the number of bit nodes of degree < 2 by x. 

(iii) introduces a bit node of degree x + 3. 

Let £\ be the subset of edges of C^{H) identified with the new 
degree-2 bit nodes, and let s + be the number of new degree- 1 
bit nodes that are singular in DE(x)[if|. Effect of Steps (i) 
and (ii) can be readily derived as before. The introduction of 
a bit node in Step (iii) increases W(H) by a positive quantity 
denoted a r . Hence, we see that 



&DE(x) = X {^Pt[p) + ^KP)j ~P-t(p) 



K et ) - s+ (p) + q i 



where 



s+(p) 



s+, p = 4, 
0, else, 



and B[ is the set cycle edges in £\. In the above equation, we 
use B\ for the summation term instead of £ J as recurrence 
number of a non cycle-edge is zero. 

Let S DE (x) = x (\pt(p) + ~pt(p) + a x . Then, 

&DE( X ) = SDE(x) - r ( et ) - S+ W" W 



Since a x is positive, Sde(x) is positive for x > 3. As shown 
in Appendix [T5] 

^(fj>-!)*(p)- 

Substituting ct\ in Sde(x) for x = 1 gives <5_d_e(1) > 0. As 
shown in Appendix [D] 

ai > (\p- \ Z {P) - lj t(p)- 
Substituting «2 in $de(.x) for x = 2, we get 

Sde(2) > Q - l -z{p) + ~p\ t(p) > 0, 

since p > z(p). Hence Sde(x) > for all x. 

4) Codeword-supporting complete 3 -graph: We now 
present a generalization of Lemma [9] for complete 3-graphs. 

Lemma 13: Let G be a planar Tanner graph defining a code 
of rate R. Then, there exists a codeword-supporting complete 
3-graph on p = 2( 7 2J ff L) 
condition is satisfied. 

Proof: We will prove the lemma by showing that y(G) > 

Let nasi an d nos2 be the number of DSl and DS2 
operations (excluding those DSl and DS2 operations that are 
performed to create empty faces before DEs) performed in 
obtaining G from G' . Let ude(x) be the number of DE 
operations with expansion factor x. Let £J be the subset of 
edges of C^(G') identified with the new degree-2 bit nodes 
resulting from these operations (see Example [6]). Let s* be 
the number of singular nodes in G that are not present in G' . 
Then, 

y(G) = y(G') + n DS1 S + n DS2 S 

+ ^2( n DE(x)^DE(x)) - ^ r ( et )- s *0)> 

where B\ is the set of cycle edges in £t and 

V, p = 4, 



nodes in C'(G) provided the girth 



s*(p) 



0, else. 



Let A = n DS1 S + n DS2 S + }~2 x ( n DE(x)$DE(x))- From 
the previous section, we see that A > 0. Substituting the 
expression for y(G') from p2]), we get, 



y(G)>X + A+ £ r(e})- £ r(et) 

e i t e<8 u (G') ete03 + 

~ (SG'O) + S*(p)). 

We assume that the edges in S\ are unoccupied in C^(G'). 
Otherwise, there will be two or more degree-2 bit nodes in G 
identified with the same edge and d — 2. Therefore, 

£ r(e\)- ]T r(et)= ^ r{e\), 

where 23 U (G) is the set of unoccupied cycle-edges in C'(G). 
Similarly, we assume that the check nodes to which the new 



13 



degree- 1 singular nodes are connected to are unoccupied in 
G' to avoid d = 2. Hence, if sq is the number of singular 
nodes in G, we have 



SG'{V) + S*{p) = S G (p), 



where 



sg(p) 



sg, P = 
0, else. 



Substituting the above expressions in y(G), we get, 
y(G)>X + A+ J2 M)-s G {p). 



e+e<8 u (G) 



From the proof of Lemma 12 we see that, X > for p 

7-8R 
2(2R-1) ' 

Case 1: p ^ 4 

The term E e t eS „(G) 

A > 0, y(G) > 0. 

Case 2: p = 4 



"(e^) — sq(p) is non-negative. Since 



if £ e 



G*B U (G) 



r-(ej) - s G {p) > 0, y(G) > for p 



and there exists a codeword-supporting complete 3-graph on 
= 4 nodes. Even otherwise, by Proposition 



P 



7-8R 
2(2R~l) 



11 there exists a codeword supporting subgraph on 4 nodes. 



F. Girth condition and final proof 

We now complete the proof of the main result by showing 
that the girth condition holds for suitable rates. 

Proposition 14: Consider a planar Tanner graph G with 
minimum distance d > 2. Let g be the girth of C^(G). Then, 
g > 3. Hence, the girth condition is satisfied for p < 4. 

Proof: It is easy to see that there cannot be any loops in 
C^(G). We will show that multiple edges in C'(G) will result 
in d = 2 to prove the proposition. Let /j and f 2 be two nodes 
in C^(G) connected by two edges. An edge between /i and 
f 2 in the dual corresponds to a common edge between the two 
faces fx and fi in the C(G). Hence, the two edges connecting 
fi and f% correspond to two common edges between the faces 
/i and / 2 . Since each face is of length 3 in C(G), both faces 
/i and f2 have the same vertex set. Such a situation arises in 
the construction of C(G) only when two degree-3 bit nodes 
in G have the same set of neighboring check nodes i.e. when 
d = 2. Hence, when d > 2 there are no multiple edges in 
Ct(G). 

Since p < 4 results in h(p) < 1, the girth condition for 
p < 4 needs g > 3, which is satisfied for (G) . ■ 

Example 7: A situation with multiple edges is shown in 
Fig. 15 where U = {/i,/2}- In Fig. 15 the subgraph Cu(G) 



of the check graph corresponding to multiple edges in (G) 
is shown. The dotted lines show the edges and nodes of G. We 
see that multiple edges in C^(G) result from two degree-3 bit 
nodes in G having the same set of neighbouring check nodes, 
in which case d = 2. 



7-8R 
2(2fl-l) 



we 



Observe that p 

have 1 < p < 4. By Proposition [14] and Lemma [12] there 



> 0. When § < R < 





Cu(G) 

Fig. 15. Multiple edges in the dual of check graph. 

exists a codeword-supporting subgraph on 
By Proposition [4] 

7-8R 



7-SR 
2(27?-l) 



d< 



2{2R-l) 



nodes. 



(28) 



When R > |, by Proposition [2] d' < 3 for the minimum 
distance d' of the code defined by the check inverse G'. Since 
the DS and DE operations in the conversion from G' to G 
cannot decrease the sum ^\ Wi in Proposition [2] the same 
bound holds for the minimum distance of G. So, we have 
^ — ^ — 2(2R-i) + ^ f° r R ^ f ■ This concludes the proof 
of Theorem p] which is the main result of this paper. 

A plot of the upper bound of Theorem [5] on d versus R for 
planar codes is shown in Fig. 16 



I 

2 



0.75 0.8 0.85 

Rate (R) 



Fig. 16. Minimum distance versus rate for planar codes. 

The girth of C\G) cannot be arbitrarily large. In fact, all 
C\G) have girth g < 5. This is because the girth of (G) 
is lesser than or equal to the minimum node degree in C(G), 
which is less than 6 by planarity; hence, g can take a maximum 
value of 5. 

Corollary 15: Let G be a planar Tanner graph which sup- 
ports a code of rate R > with the girth of C^(G) greater 
than or equal to 5. Then, 



d < 



7-8R 
2{2R-l) 



(29) 



14 



Proof: Its easy to see that the girth condition is met for 
all p < 10 (since p = 3.2*W _1 -2 + z{p)). With similar 
calculations as above, one can show that this places restriction 
on the rate as R > A. ■ 

— 16 

V. Conclusion 

In this paper, we showed a bound on the minimum distance 
of high-rate (> 5/8) codes that have planar Tanner graphs. 
The main result is the plot of the upper bound on minimum 



distance as a function of rate as shown in Fig. 16 In particular. 



we see that such codes have a maximum minimum distance 
of 7. Hence, non-planarity is essential for the construction of 
codes on graphs with high minimum distance. 

The proof uses ideas from graph theory, coding theory and 
an averaging argument through a series of constructions that 
exploit the planarity of a Tanner graph. Ideas from the proof 
could be possibly employed in construction of codes on non- 
planar graphs in the future. 

Extending the bound to codes of all rates with a planar 
Tanner graph is an interesting problem for future study. We 
conjecture that codes with planar Tanner graphs will not 
support codes with large minimum distance for any rate. 

Appendix A 
Ordering nodes in C\j(G) 

In this appendix, we show that C\j(G) for a proper subset 
of nodes U can be recursively constructed by adding the 
nodes from U one at a time in an order such that each 
newly added node has degree 1 or 2. For an ordered set 
U = {ui,u 2 ■ ■ ■ ,u\u\}, let U l = {ui,u 2 , ■ ■ ■ ,Ui}. 

Proposition 16: Let Cjj(G) be a connected subgraph of 
C\G) induced by a proper node subset U. Then, there 
exists an ordering of the nodes in U, given by U = 
{ui,u 2 --- ,u\u\}, such that the degree of the node m in 
Cjj (G) is either 1 or 2, and C\j (G) is connected for 1 < 
i<\U\. 

To prove the proposition, we first claim the following: 
Claim: Let C V (G) be a subgraph of C^[G) induced by a proper 
subset V of nodes. Then there exists either a degree-1 node in 
Cy(G) or a degree-2 node that is not a cut- vertex of C V (G). 
Proof of claim: We see that C v (G) has at least one node v 
of degree < 2, since C V (G) is a proper subgraph of C^(G). 
If v is a degree-1 or a degree-2 non-cut vertex, we are done. 
Otherwise, if v is a degree-2 cut-vertex node, let V\ and V 2 
be the vertex sets of the two components of Cy{G) — v. 

If all the nodes in V\ are of degree 3 in C V (G), then the 
edge joining v and V\ will be a cut edge in O (G). A cut edge 
in C^(G) implies a loop in C(G) Q, which is not possible by 
construction. By similar arguments for V 2 , we see that there is 
a node in V\ and a node in V 2 with degree < 2 in C V (G). Let 
V\ be a node in V\ of degree < 2 in C V (G). If the node v\ is 
of degree 1 or if it is a degree-2 non-cut vertex, we are done. 
Otherwise, proceed with v\ in place of v and C v (G) in place 
of Cy(G). Since the vertex set is finite, we are guaranteed 
to find a degree-1 or a degree-2 non-cut vertex proceeding to 
smaller components. 

We are now ready to prove the proposition. 



Proof: In Cjj(G), let be a degree-1 or a degree-2 
non-cut vertex. For 2 < i < \U\ — 1, let Ui be a degree-1 or a 
degree-2 non-cut vertex in C\j(G) — u\u\ — u\ V \_i ■ ■ ■ — tij+i. 
Observe that C\j{G) — u\u\ — it|[/|_i ■ • • — is connected. 
The required ordering is then given by {u\, u 2 , ■ ■ ■ , u\u\}. ■ 

Appendix B 
Computation of r\ 2 

Proposition 17: Let G' be the check inverse of a planar 
Tanner graph G. Let 772 be defined as in Q. Then, 



m = \v?\(\p+\)t(p) 



e, t e<8 c ,(G') 



(30) 



provided the girth condition is satisfied for C^(G). 

Proof: A degree-two bit node v\, is identified with an edge 
e in C(G'). Since e is common to two faces, say /1 and f 2 , Vf, 
is counted whenever either or both the co rresp onding nodes 

)in Ct(G') is 



II-D 



(with same notation /j and f 2 as in Section ' 
in the vertex set of complete 3-graphs on p vertices. Let be 
the edge connecting /j and f 2 in C'(G') corresponding to e 
i.e, the edge that is occupied by Vb- The situation is depicted 



in Fig. 17 Let 7\ and T 2 be the set of complete 3-graphs 




Fig. 17. Computing 772 ■ 



containing /1 and f 2 , respectively. Then, 



g (^) = |r 1 |jT 2 | = |r 1 | + |r 2 |-|T 1 f|T 2 |. 

Since |7i| = \T 2 \ = pt(p) (assuming the girth condition), 
we are left with computing |Tif|T 2 |. Note that Tif]T 2 is 
the set of complete 3-graphs that contain both f\ and f 2 i.e, 

We will now count the 
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containing eJ as shown in Fig. 
number of 3-trees that will contain eL 

1 ) There are two branches rooted at f\ and two at f 2 as seen 
in Fig. 17 The number of nodes up to level l(p) — 2 from 
the respective roots in these four branches is 4(2^ p )~ 2 — 
1). Every complete 3-tree rooted at any of these nodes 
will contain e^. 

2) The number of possible nodes in level l(p) — 1 in the 
four branches is 4(2'( p '~ 2 ). Among the complete 3-trees 

z(p) 



rooted at these nodes, a fraction 



3 • 2 i (py 



will contain 



3) Finally, all complete 3-trees rooted at /1 and f 2 will 
contain e^. 
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Hence, the total number of complete 3-trees that contain is 
given by 

zip) 



4(2 j (p)-2 _ 1) + 4(2 i(p) ~ 2 ) 



3 • 2 ; (p)- 1 



2 t(p). 



In addition, there will be r(e') complete 3-graphs that contain 
eJ as a cycle-creating edge. Therefore, 



|Tif|T 2 |= (*V> + l z {p)-J\t 
= (~P~ \)t(jp)+r(ei). 



(p) + r(e T ), 



Hence, q(vb) for Vb G V 2 b is 



Letting 



we have 



q{vb) = {t i P+\)t{p)-r{e^). 



e(p) = {\ P + \)t{p), 



m = E 9 (p)- E r ( et ) 
= \vMp)~ E r ( e ^' 

efe95o(G') 



(32) 




(a) 



/4 
(b) 



(31) 

Fig. 18. Computing q(vb) for a degree- 1 node vt. 



V 


Case from Fig. 1 1 8 






0(p) 


1 


(a),(b) 


3 


2 


2 


(a),(b) 


12 


10 


3 


(a) 




15 


14 


3 


(b) 




14 


14 


4 


(a) 




6 


6 


4 


(b) 




5 


6 



TABLE II 
Enumeration of worst-case q(v b ). 



connected to other neighbours. The values of q(vb) in these 
cases can be readily seen to be much larger than 9(p) in a 
similar fashion. 



Appendix C 
Computation of r\ x 

Proposition 18: Let G be a planar Tanner graph. Let sq be 
the number of singular nodes in G. Then, provided the girth 
condition on C^(G) is satisfied, 

m>\vl b \{\p+ 2 -)t{ P )-s G { P ), 

where -qi is defined in (Hh and 




scip) 



Proof: A degree- 1 bit node w& in G is connected to one 
check node, and is identified with that node in C(G). Every 
node in C(G) maps to a face in C'(G). Let V\vb) be the set of 
vertices of C'(G) forming the face corresponding to Af(vb). 
Then Vb contributes to the summation of weights whenever 
one or more of the vertices in V'(vb) is in the vertex set of 
complete 3-graphs. 

For 1 < p < 4, the girth of &{G) is at least 3. Two 
possible situations with girth 3 are shown in Fig. 18 Table 



III enumerates q(vb) for p — 1, 2, 3, 4 for the two cases in Fig. 
18] and compares with 9{p) = (|j> + §)t(p). From Table pi] 
we see that the only case when q(vb) < 0(p) is for p = 4 
in the situation of Case (b). Let U — {/i, f%, fa, fn) in Fig. 
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Then for the subgraph Cjj(G), the corresponding check 
graph Cu{G) is shown i n Fig [T9| as dashed lines. Hence, by 
the definition in Section IV-C2| Vb is singular. For p > 5, we 
have girth at least 5 according to the girth condition. Hence, 
the face of C' (G) corresponding to Vb has at least five nodes 




Fig. 19. Cu{G) and C^(G) for singular case. 

Therefore, we see that 

m>\v[ b \{\p+\)t{p)-s G {p), 



where 



scip) 




Appendix D 
Computation of a x 

Proposition 19: Let G be a planar Tanner graph with a fixed 
embedding. Let y{G) be defined as in (|9]). Let a x be the 
increase in y(G) when a new bit node of degree x + 3 is 
embedded in G such that the resulting graph is still planar. 
Then, 

oil > \ \p - | J *(p), 
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and 



a 2 > \^P- g«(p) ~ 1 ) Kp) 



where p is such that girth condition is satisfied for C'(G). 

Proof: When x = 1, a degree-3 bit node Vb becomes a 
degree-4 bit node and Vb is identified with two faces of the 
check graph having a common edge. This is equivalent to 
saying that is identified with an edge in the dual. So, ax 
is equal to the number of complete 3-graphs that contain the 
edge. This number is already derived in (31 1, and we get 

^>(||»-|)*(P)- 

When x = 2, a degree-3 bit node Vb becomes a degree-5 bit 
node as shown in Fig. [20] The node Vb is identified with three 
faces fx, f 2 and f$ of the check graph C(G). This corresponds 
to the connected subgraph C\j(G) with U = {fx, /ijj/j} in the 
dual as shown in Fig. 20 So, a 2 is equal to the number of 
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Cu(G) 




Fig. 20. Computation of ct2- 

complete 3-graphs which contain C\j(G). Let us now compute 
oil. All the complete 3-graphs rooted at nodes at a depth of 
l(p) — 2 or lesser from the node fi in the branches shown in 
Fig 
are 
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contain Cjj(G). Since girth condition is satisfied, there 
3.2 l ^~ 2 — 2)t(p) such complete 3-graphs. Now, consider 
only the child nodes of fx and fa in the branches shown in 
Fig. 20 that are at a depth of l(p) — 1 from f 2 . Since girth 
condition is satisfied, the number of such nodes is 2 • 2^ p - l_2 
and there are 2 1(p)_i t(p) realizations of complete 3-graphs 
rooted at each such node containing C\j(G). Thus, 

z{p) 



a 2 > 3.2^~ 2 -2 + 2.2^- 



3.2'Cp)- 3 



tip), 



> 



\p- \ z (p) - 1 ! /f/' 1 



